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Abstract
The calculation of conserved charges of black holes is a rich prob-
lem, for which many methods are known. Until recently, there was
some controversy on the proper definition of conserved charges in
asymptotically anti-de Sitter (AdS) spaces in arbitrary dimensions.
This paper provides a systematic and explicit Hamiltonian derivation
of the energy and the angular momenta of both asymptotically flat and
asymptotically AdS spacetimes in any dimension D ≥ 4. This requires
as a first step a precise determination of the asymptotic conditions
of the metric and of its conjugate momentum. These conditions hap-
pen to be achieved in ellipsoidal coordinates adapted to the rotating
solutions. The asymptotic symmetry algebra is found to be isomor-
phic either to the Poincare´ algebra or to the so(D − 1, 2) algebra, as
expected. In the asymptotically flat case, the boundary conditions in-
volve a generalization of the parity conditions, introduced by Regge
and Teitelboim, which are necessary to make the angular momenta
finite. The charges are explicitly computed for Kerr and Kerr-AdS
black holes for arbitrary D and they are shown to be in agreement
with thermodynamical arguments.
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1 Introduction
Energy is a subtle issue in general relativity. Indeed, in accordance with
the equivalence principle, the gravitational contribution to energy cannot
be localized. Nevertheless, in the presence of asymptotic conditions, the
total energy, as well as angular momentum, of the system can be defined.
However, even in such a case, some confusion used to exist in the literature :
there are many different methods and in some cases they did not all give the
same charges. For example, as has already been emphasized [1], not even in
four dimensions did all authors obtain the same expression for the energy
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of Kerr-AdS black holes and some of these expressions were in disagreement
with the first law of black hole thermodynamics.
Nowadays, though, number of methods give reliable results. In the paper
[1], Gibbons et al. compute the energy of Kerr-AdS black holes first indi-
rectly by integrating the first law and then using the conformal definition of
Ashtekar, Magnon and Das [2, 3], and they show that both of them agree.
Besides the Regge-Teitelboim method [4] adopted here, some of the vari-
ous other definitions are the following : the approach of Abbott and Deser
[5, 6, 7], the spinor definition [8, 9] based on the electric Weyl tensor, covari-
ant phase space methods [10, 11, 12, 13], cohomological techniques [14, 15],
the KBL approach [16, 17, 18], Noether methods [19, 20, 21, 22, 23, 24], the
“counterterm subtraction method” [25, 26] (and more references on this in
[12] for example), improved surface integrals [27] and regularisation of the
Euclidean action [28, 29].
In view of the contradictory results that existed in the literature, our
main purpose in this paper is to define the conserved quantities through a
method that relates unambiguously charges to symmetries without having
to make arbitrary choices2 and hence stands on a firm footing from this point
of view. This method is the Hamiltonian approach introduced by Regge and
Teitelboim [4] for asymptotically flat spacetimes in dimension D = 4 and
Cartesian coordinates. It associates a conserved charge to any asymptotic,
i.e. not necessarly exact, Killing vector. The charges are expressed as surface
integrals over a 2-sphere at infinity and reproduce, as it should, the ADM
energy and angular momentum [30].
This paper’s aim is the generalisation of the method to arbitrary di-
mensions for both asymptotically flat and AdS spacetimes and the explicit
calculation of the corresponding rotating solution. This requires as a first
step a precise definition of asymptotically flat or AdS spacetimes as asymp-
totic conditions on the metric and its conjugate momenta. Let us focus for
a while on asymptotically flat spacetimes although the following generalizes
to the asymptotically AdS case. In D spacetime dimensions, one expects
the metric describing a rotating mass to differ from the flat metric by terms
that decay generically as r3−D as this is the asymptotic behavior of the
elementary solution of the Poisson equation. In standard polar coordinates
ds2 = −dt2 + dr2 + r2dΩ2D−2 + hµνdxµdxν
2Except for overall additive constants that can be fixed either by background adjust-
ment or using the algebra
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this would become (denoting any angle by αˆ, βˆ)
htt, htr, hrr ∼ r3−D,
htαˆ, hrαˆ ∼ r4−D,
hαˆβˆ ∼ r5−D.
If one compares, however, the Kerr metric in the ellipsoidal Boyer-Lindquist
coordinates to the flat metric in standard spherical coordinates, one finds,
for example, terms of order 1
r2
in hrr, which are unacceptable when D > 5.
If inserted in the standard expressions giving the conserved charges, these
terms would lead to divergences. Fortunately, this difficulty can be cured.
One must either transform the black hole metric into new coordinates such
that the expected decays are fulfilled, or one must rewrite the formalism
in coordinates adapted to the 1r2 terms, i.e. in coordinates in which the
1
r2
terms can be included in the background. The two approaches are equiv-
alent because the techniques are covariant (as long as one expresses the
background and the deviation in the same system of coordinates). For con-
venience, we consider here the second method and develop the formalism in
order to admit ellipsoidal systems of coordinates.
Notice that the vanishing mass limit of the Kerr metric written in el-
lipsoidal coordinates depends on the parameters describing the rotation of
the black hole. The question then arises whether it makes sense to compare
the charges of two different black holes (i.e. with different values of those
parameters) while the two background metrics seem to be different. The
answer turns out to be yes because, for any value of the parameters, the
background is the Minkowski metric and all charges vanish when the mass
vanishes.
The generalisation of the method to asymptotically AdS spacetimes in
dimension D = 4 and the explicit calculation of the energy and angular mo-
mentum of Kerr-AdS black holes was made by Henneaux and Teitelboim in
[31]. The generalisation of the method to higher dimensions was then given
in [32] in standard spherical coordinates but the computation of charges of
Kerr-AdS black holes in arbitrary dimension was not included as the corre-
sponding metric had not been derived yet. This is now the case [33], and we
show in this paper that the Hamiltonian method gives charges in agreement
with the thermodynamical arguments of [1].
In section 2, we recall the main points and formulas of the Hamiltonian
formulation of gravitation. Then we derive the surface integrals defining the
conserved charges by requiring the functional derivatives of the Hamiltonian
with respect to canonical variables to be well defined.
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Section 3 is devoted to asymptotically flat spacetimes. Their defini-
tion imposes asymptotic conditions on the components of the metric and
their conjugate momenta. In particular, it is shown that besides the fall-
off conditions the parity conditions introduced in four dimensions must be
generalized in higher dimensions. Using these conditions, we give a simpler
expression for the charges. We then briefly discuss the asymptotic symme-
tries of asymptotically flat spacetimes and the Poisson bracket algebra of
the charges. We then focus on the Kerr metric in arbitrary dimension and
compute its charges explicitly.
The same work is presented for asymptotically AdS spacetimes in sec-
tion 4. The asymptotic conditions are then simpler as we do not need to
introduce any parity condition.
As Hamiltonian methods are not universally used, in order to be self
contained, this paper contains a wide part of review material.
2 Hamiltonian Formulation and Charges
In this section, we briefly review the essential formulas of the Hamiltonian
formulation of gravitation and derive the conserved charges as integrals over
aD−2-sphere at infinity. A complete description of Hamiltonian formulation
of gravitation can be found in [30, 34, 35, 36, 37]. In what follows, Greek
indices range from 0 to D while latin indices range from 1 to D, the comma
denotes the usual derivative and / is the covariant derivative with respect
to the metric gµν .
2.1 Hamiltonian formulation
The Hamiltonian formulation of a field theory requires a breakup of space-
time into space and time. The lapse function N and the D− 1 components
of the shift vector N i are related to the metric components by
N = (−g00)− 12
Ni = g0i.
(1)
We then work with the {N,N i, gij} instead of the {gµν}, only the gij
being canonical fields. Their conjugate momenta πij = δLδg˙ij are given by
πij = −√g(Kij −Kgij) (2)
where Kij = (2N)
−1(−gij+Ni/j+Nj/i) is the extrinsic curvature, K = Kaa
its trace and g = det(gij).
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It can be shown that the Hamiltonian is then given by
H[gij , π
ij ] =
∫
dD−1x{N(x)H(x) +N i(x)Hi(x)}+ boundary term (3)
where
H = g−1/2(πijπij − 1
D − 2π
2)− g1/2R+ 2Λg1/2
Hi = −2π ji /j .
(4)
The boundary term (that is a surface integral over aD−2-dimensional closed
surface at infinity) is fixed by requiring that the functional derivatives of the
Hamiltonian with respect to the canonical variables are well defined [4].
The vacuum Einstein equations Gµν = 0 are equivalent to the system
formed by the Hamiltonian equation and the constraints H = 0,Hi = 0.
2.2 Conserved charges
More generally, the deformation defined by the asymptotic Killing vector
field ξ = ξ⊥n+ ξiei are generated, in the canonical formalism, by [32]
Q[ξ] = Q0[ξ] + I[ξ] =
∫
dD−1x{ξ⊥(x)H(x) + ξi(x)Hi(x)}+ I[ξ] (5)
where I[ξ] is the boundary term.
For a general Killing vector, the generator Q[ξ] does not vanish when the
constraints are taken into account. It then reduces to I[ξ], that consequently
defines the conserved charge associated to the Killing vector field ξ(x).
As already mentioned, the surface integral I[ξ] is determined by requiring
that Q[ξ] = Q[gij , π
ij ; ξ] has well defined functional derivatives. In other
words, its variation must be given by a volume integral only :
δQ[ξ] =
∫
dD−1x{Aij(x)δgij(x) +Bij(x)δπij(x)}. (6)
Using the explicit form of H and Hi (4), one can compute the variation
of the volume integral Q0[ξ] in equation (5). One finds (from [4] generalized
to D dimensions)
δQ0[ξ] =
∫
dD−1x {Aij(x)δgij(x) +Bij(x)δπij(x)}
−
∮
dD−2sl G
ijkl(ξ⊥δgij/k − ξ⊥,kδgij)
−
∮
dD−2sl {2ξkδπkl + (2ξkπjl − ξlπjk)δgjk}. (7)
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where
Gijkl ≡ 1
2
√
g(gikgjl + gilgjk − 2gijgkl) (8)
Aij(x) and Bij(x) are the functional derivatives of Q[ξ]. Their explicit form
is not necessary here. The surface integrals are taken over a sphere at spatial
infinity : r →∞.
From (5), (6) and (7), we get that
δI[ξ] =
∮
dD−2sl G
ijkl(ξ⊥δgij/k − ξ⊥,kδgij)
+
∮
dD−2sl {2ξkδπkl + (2ξkπjl − ξlπjk)δgjk}. (9)
The next step is then to rewrite the right hand side of (9) as the variation
of something. In order to achieve this, we need the asymptotic behavior of
the metric. We will restrict ourselves to two specific cases, namely asymp-
totically flat and asymptotically AdS spacetimes.
3 Asymptotically Flat Spacetimes
In this chapter, asymptotically flat spacetimes will be precisely defined by a
series of boundary conditions on the metric and its conjugate momenta. The
general formula for conserved Poincare´ charges will then be given. We will
apply it to the case of the Kerr metric in arbitrary dimension which describes
a rotating black hole. This chapter generalizes in higher dimensions and
more general coordinates the work of Regge and Teitelboim [4].
3.1 Definition and conditions
Asymptotically flat spacetimes are defined as spacetimes that approach the
Minkowski one at large distance. We accordingly consider metrics of the
form
gµν = g¯µν + hµν (10)
where g¯µν is the Minkowski background metric and the perturbation hµν
tends to zero at spatial infinity : hµν → 0 when r → ∞. The asymptotic
symmetry group is Poincare´. Moreover, the fall-off law of the perturbation
must be specified such that it obeys the following criteria :
(i) it should be invariant under the action of the Poincare´ group since
otherwise a symmetry transformation would map an allowed configuration
onto a non-allowed one;
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(ii) it should make the surface integrals associated with the generators
of Poincare´ finite;
(iii) it should include asymptotically flat solutions of physical interest,
such as the Kerr metric.
The asymptotic behavior of the perturbation can be firstly bounded by
using the fact that the linearized approximation of general relativity should
be valid at spatial infinity. By imposing the invariance of this behavior
under the Poincare´ transformations, one then finds asymptotic conditions
for the momenta. In what follows, we will always consider systems of polar
coordinates composed of one time variable t, one radial variable r and D−2
dimensionless variables, i.e. angles or functions of angles. The latter will be
denoted αˆ, βˆ, ... In this notation, the whole set of conditions reads
htt = h
(0)
tt r
3−D +O(r2−D),
htr = h
(0)
tr r
3−D +O(r2−D),
htαˆ = h
(0)
tαˆ r
4−D +O(r3−D),
hrr = h
(0)
rr r
3−D +O(r2−D),
hrαˆ = h
(0)
rαˆ r
4−D +O(r3−D),
hαˆβˆ = h
(0)
αˆβˆ
r5−D +O(r4−D), (11)
πrr = πrr(0) +O(r−1),
πrαˆ = πrαˆ(0)r
−1 +O(r−2),
παˆβˆ = παˆβˆ(0)r
−2 +O(r−3). (12)
Notice that in polar coordinates the asymptotic conditions on the momenta
are independent of the dimension.
These conditions lead to infinite angular momenta in all dimension : they
are given by surface integrals over a sphere at spatial infinity whose inte-
grand’s leading term grows like r. One way to understand this is to observe
that the charges associated with translations are finite. These charges in-
volve the first order term in the deviation and the translation Killing fields,
which go to constant at infinity. This implies that the leading term in the
angular momenta will diverge since the corresponding Killing vectors grow
like r at infinity. This divergence can be avoided if extra conditions are
imposed to make the divergent term vanish. However, we cannot require
the fields to decay faster at spatial infinity since it would exclude the Kerr
solution. The idea of Regge and Teitelboim [4], inspired by the knowledge of
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the metric of the rotating black holes, is to impose parity conditions under
space inversion x→ −x. They can be summarized in the following way :
h
(0)
ij dx
idxj is even under inversion, (13)
πij(0)
∂
∂xi
∂
∂xj
is odd under inversion. (14)
Consequently, h
(0)
ii must be even and π
ii
(0) odd. For the other components,
rαˆ or αˆβˆ, it depends on the parity of the chosen dimensionless coordinate.
Let us notice that the asymptotic conditions constrain the coordinates,
as will soon become clear.
3.2 Conserved charges
If we use the conditions (10) to (14), we can show that the right hand side
of (9) can be rewritten as
δ
{ ∮
dD−2sr (g¯
ik g¯jr− g¯ij g¯kr)(ξ⊥hij;k− ξ⊥,khij)+ 2
∮
dD−2sr π¯
r
kξ
k
}
, (15)
where the semi-colon is the covariant derivative with respect to the flat
background metric g¯ij and π¯
ij is the momentum where gij,0 is replaced by
hij,0 and everywhere else the total metric gij is replaced by the flat metric
g¯ij . In particular, covariant derivatives must only be calculated with respect
to the flat background.
Consequently, I [ξ] is known within an additive constant. We fix it so
that all charges vanish for Minkowski spacetime. The conserved charge
associated to the Killing vector field ξ(x) is then given by
I [ξ] =
∮
dD−2sr (g¯
ik g¯jr−g¯ij g¯kr)(ξ⊥hij;k−ξ⊥,khij)+2
∮
dD−2sr π¯
r
kξ
k. (16)
3.3 Asymptotic symmetries
It can be shown (see the appendix for more details) that the most general
deformation preserving the asymptotic flatness is not only Poincare´ but
rather
ξµ(x) = ξµP (x) + ξ
µ
+(x)
where ξµP (x) = A
µ
νxν + Bµ, with A
µ
ν antisymmetric, is the generator of
Poincare´ transformations and ξµ+(x) is a function falling off as r
4−D and
odd under inversion at leading order. Consequently, the conditions above are
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invariant under an infinite-dimensional group containing the Poincare´ group,
and denoted here by G. However, the additional transformations ξµ+(x) form
an invariant subgroup H of G. Moreover, they do not contribute to the
surface integrals (9) so that the the physical symmetry group is the factor
group G/H, that is, the Poincare´ group. Notice that in four dimensions, the
parity conditions, first introduced to make all conserved charges finite, also
play a role in the vanishing of the charges associated to ξ+ and the consistent
factorization of G/H to the Poincare´ group while in higher dimension the
fall-off conditions are enough for the latter issues.
3.4 Poisson bracket algebra
We now show that, due to our choice of the additive constant, the Poisson
bracket of the charges is just isomorphic to the Lie algebra of the infinitesimal
asymptotic symmetries, i.e. that
{Q [ξ] , Q [λ]} = Q [[ξ, λ]] . (17)
In general, the charges only yield a projective representation of the asymp-
totic symmetry group [38, 39] :
{Q [ξ] , Q [λ]} = Q [[ξ, λ]] +K [ξ, λ] . (18)
In (18), the central charges K [ξ, λ] do not involve the canonical variables.
On might rewrite (18) as
δλQ [ξ] = Q [[ξ, λ]] +K [ξ, λ] . (19)
Let us evaluate (19) on the flat background. The left hand side vanishes
because the asymptotic symmetries are exact symmetries of the background.
The first term of the right hand side vanishes by our choice of the additive
constant. Consequently, K [ξ, λ] vanishes on the background. As it does
not depend on the metric, the central charge is identically zero with our
adjustment of the integration constants.
3.5 Application to Kerr metric
Myers and Perry derived first in Cartesian coordinates the metric of the
most general rotating black hole in any spacetime dimension [40]. However,
in that system of coordinates, the parity conditions (14) are not respected.
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Consequently, we have to find a system of coordinates in which the asymp-
totic conditions are fulfilled3. Such a system is given by the Boyer-Lindquist
(B-L) coordinates, which are ellipsoidal coordinates. This characterization
will become clearer further in the text. The description of the metric is a
review of [40].
In order to treat both odd and even dimensional cases at the same time,
let us set D = 2n + 1 + ǫ where ǫ = 0 if D is odd and ǫ = 1 if D is even.
The B-L coordinates are (t, r, µi, φj) where i = 1, . . . , n+ ǫ and j = 1, . . . , n.
Here, t is the time variable, r is the radial variable and the µi, φj are D −
1 dimensionless variables. The latter are not all independant, the µi are
related to each other by the relation
∑n+ǫ
i=1 µ
2
i = 1. In these coordinates, the
Kerr metric in arbitrary number of dimensions is given by
ds2 = −dt2 +
n+ǫ∑
i=1
(r2 + a2i )dµ
2
i +
n∑
i=1
(r2 + a2i )µ
2
i dφ
2
i
+
µr2−ǫ
ΠF
(dt+
n∑
i=1
aiµ
2
i dφi)
2 +
ΠF
Π− µr2−ǫdr
2, (20)
where
F = 1−
n∑
i=1
a2iµ
2
i
r2 + a2i
,
Π =
n∏
i=1
(r2 + a2i ).
(21)
In our notation, whenD is even, an+1 = 0. The flat background metric is the
limit of this metric for µ tending to 04 : ds¯2 = limµ→0 ds
2. The remaining
terms make up the perturbation. Consequently, in the B-L coordinates5,
3More precisely, the procedure involves a background substraction (see (10). In prin-
ciple, it is covariant if one transforms not only the perturbation but also the background
under a coordinate transformation. However, the new background might take an awk-
ward form. If one insists on simple background components, the systems of coordinates
are restricted.
4This is obvious by considering the Kerr metric in cartesian coordinates, given by
equations (3.9) and (3.10) or (3.12) of [40]
5More rigorously, in a system of coordinates that asymptotically coincides with the
Boyer-Lindquist ones. Indeed, the way we defined the flat background in B-L coordinates
is not exactly the same as applying the change of coordinates on the flat metric from
cartesian coordinates, but both definitions coincide asymptotically.
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the flat metric is
ds¯2 = −dt2 + Fdr2 +
n+ǫ∑
i=1
(r2 + a2i )dµ
2
i +
n∑
i=1
(r2 + a2i )µ
2
i dφ
2
i . (22)
The adjective “ellipsoidal” can be understood by noticing that this is the
Minkowski metric ds¯2 = −dt2+∑ni=1(dx2i +dy2i )+ǫdz2 in an unusual system
of coordinates, defined from the Cartesian coordinates by
xi = (r
2 + a2i )
1/2µi cosφi
yi = (r
2 + a2i )
1/2µi sinφi (23)
z = rµn+ǫ.
(i = 1, . . . , n). Unless the ai parameters are all zero, the (r, µi, φj) are
not spherical coordinates6. Moreover, the radial coordinate r is implicitly
defined by using (23) in the relation between the µi’s :
n∑
i=1
x2i + y
2
i
r2 + a2i
+ ǫ
z2
r2
= 1. (24)
For arbitrary rotation parameters, this is the equation of an ellipsoid of
revolution.
A natural question arising then is whether we can get rid of the terms
of ds¯2 depending on the ai’s by regarding them as part of the perturba-
tion. This would be a way to write the metric in spherical coordinates and
corresponds to defining the flat background metric as the limit of the Kerr
metric when all parameters are zero (not only µ). We actually can see that
the asymptotic conditions are not fulfilled by those terms for D > 5. For
example, consider the ai term in g¯µiµi . It is of order 1. On the other hand,
from (11) we see that hµiµi must decrease like r
5−D. Consequently, as soon
as D > 5, that term cannot be considered as a perturbation7.
Nevertheless, we can easily define spherical coordinates (t, rˆ, µˆi, φˆj) in
which the asymptotic conditions are satisfied by imposing
rˆ2µˆ2i = (r
2 + a2i )µ
2
i , φˆj = φj. (25)
The metric is then a bit more complicated because it has more terms in the
perturbation. Nevertheless, it actually does not change the calculation of
6To be precise, for D odd, the coordinates are spherical as soon as the parameters are
all equal, not necessarily zero.
7Using the definition of F , one also finds the problematic 1
r2
term in hrr that is used
as an example in the introduction.
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conserved charges at all because neither the terms that are removed nor the
ones that are added contribute to the surface integrals.
The explicit computation of the Poincare´ charges of the Kerr black hole
in any dimension can then be performed. They are obtained by explicitly
writing the Killing vector ξ in (16) for each Poincare´ transformation.
By using the asymptotic behavior of the elements in I [ξ], one can show
that the charges associated to the translations and the boosts vanish. A few
more symmetry arguments imply that the only non vanishing components
of the angular momentum are the ones associated to the rotations parame-
terized by the n =
[
D−1
2
]
angles φi, and they will be noted Li. This result
could be predicted using that the Cartan subalgebra of so(D − 1) is the
direct sum of n u(1) algebras, each one acting as a rotation of one of the
angles φi.
The energy E, associated to the time translations, that are generated by
ξ = ∂∂t = n, also does not vanish.
By inserting the components of the metric in the surface integral, solving
a few technical problems and then reintroducing the gravitational constant,
we get
E =
(D − 2)AD−2
16πG
µ,
Li =
AD−2
8πG
µai,
(26)
where AD−2 is the volume of the unit D − 2-sphere, given by
AD−2 =
2π
D−1
2
Γ(D−12 )
.
These results are in accordance with the charges calculated by Myers and
Perry in [40]. They lead to the following interpretation of the parameters
of the metric : µ is a measure of the mass of the system and the µai give
the components of the angular momentum. Although these results are well-
known, it is interesting to see that we recover them by using this Hamiltonian
method.
4 Asymptotically AdS Spacetimes
As done for the flat case, this section will first give a precise description of
asymptotically AdS spacetimes, leading to a simpler formula for the con-
served charges, as presented in [32]. The formula will then be applied to the
rotating AdS black hole (the so-called Kerr-AdS black hole).
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4.1 Definition and conditions
Anti-de Sitter spacetime is the maximally symmetric vacuum solution of
the Einstein equations, with a negative cosmological constant. Its group of
motions is O(D − 1, 2). It is described by the following metric :
ds¯2 = −(1− λrˆ2)dt2 + (1− λrˆ2)−1 + rˆ2dΩD−2 (27)
where the cosmological constant is Λ = (D − 1)λ and dΩD−2 is the surface
element of the unit D − 2-sphere.
Similar to the flat case, asymptotically AdS spacetimes are defined as
spacetimes approaching AdS at large distances, with a set of boundary con-
ditions fulfilling the following requirements :
(i) the conditions should be invariant under the action of O(D − 1, 2);
(ii) the surface integrals associated with the generators of O(D − 1, 2)
should be finite;
(iii) the asymptotic conditions should include the asymptotically AdS
solutions of physical interest, such as the Kerr-AdS metric8.
It turns out [32] that these criteria can be fulfilled by demanding that
the metric deviations hµν from the AdS background (gµν = g¯µν + hµν) and
the momenta πij conjugate to the spatial metric behave asymptotically as
follows (using the same coordinate notation as for the flat case) :
htt = h
(0)
tt r
3−D +O(r2−D)
htr = h
(0)
tr r
−D +O(r−1−D)
htαˆ = h
(0)
tαˆ r
3−D +O(r2−D)
hrr = h
(0)
rr r
−1−D +O(r−2−D)
hrαˆ = h
(0)
rαˆ r
−D +O(r−1−D)
hαˆβˆ = h
(0)
αˆβˆ
r3−D +O(r2−D) (28)
πrr = πrr(0)r
−1 +O(r−2)
πrαˆ = πrαˆ(0)r
−2 +O(r−3)
παˆβˆ = παˆβˆ(0)r
−5 +O(r−6). (29)
Some comments are in order. First, by replacing the above behavior in
(9), notice that in the AdS case, we do not need to add any parity conditions
8The Kerr-AdS metric will be given in section 4.5
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to get finite surface integrals. Let’s also emphasize the slight difference
from Henneaux’s paper [32] in the way we consider the conditions on the
momenta. There, they are introduced as a consequence of the conditions
on the metric deviation and the specific form (27) of the background AdS
metric. In this paper, on the other hand, we would like to be able to consider
also systems of coordinates in which the AdS background is not given by
(27) but includes more terms. We should then consider both the behavior
of the deviation and the behavior of the momentum as conditions to be
verified.
4.2 Conserved charges
Using the behavior (29), it can be shown that in this case the surface integral
giving the conserved charges is
I[ξ] =
∮
dD−2sr (g¯
ik g¯jr−g¯ij g¯kr)(ξ⊥hij;k−ξ⊥,khij)+2
∮
dD−2sr π¯
r
kξ
k. (30)
where the semi-colon denotes covariant differentiation in the spatial AdS
background g¯ij. The additive constant is fixed so that the charges vanish
on the AdS background.
4.3 Asymptotic symmetries
The O(D − 1, 2) transformations are not the only ones that conserve the
boundary conditions above. It can be seen [32] that the whole set of asymp-
totic symmetries form an infinite Lie algebra. Nevertheless, as they do not
change the surface integral I[ξ], the extra transformations are pure gauge
transformations and can then be consistently factored out. Once this is done,
only the finite-dimensional AdS algebra is left. From the physical point of
view, this algebra is accordingly the asymptotic symmetry algebra9.
4.4 Poisson bracket algebra
The argument given in the asymptotically flat case to show the vanishing
of the central charges directly generalizes to asymptotically AdS spacetimes
for D > 410.
9In the case when D = 3, the situation is quite different. You can find more details
about it in [32].
10For D = 3 the central charge does not vanish as shown in [39].
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4.5 Application to Kerr-AdS metric
Gibbons, Lu¨, Page and Pope constructed in [33] the general Kerr-(anti-)de
Sitter metric in arbitrary spacetime dimension D ≥ 4, that is, the most
general solution for a rotating black hole in asymptotically (anti-)de Sitter
spacetime. We restrict ourselves to the negative cosmological constant case
because, contrary to the positive one, its spacelike surfaces are open (non-
compact) and it has an asymptotic structure.
The ellipsoidal system of coordinates (t, r, µi, φi) used in this case gener-
alizes the one used in the flat case to a non zero cosmological constant but
we will still call it Boyer-Lindquist. It is related to the spherical coordinates
(t, rˆ, µˆi, φˆi) by
rˆ2µˆ2i =
r2 + a2i
1 + λa2i
µ2i , φˆj = φj . (31)
Compare to (25). In such a system of coordinates, the AdS metric (27)
becomes (still using the ǫ notation introduced in the flat case)
ds¯2 = −W (1− λr2)dt2 + U
V
dr2 +
n∑
i=1
r2 + a2i
1 + λa2i
µ2i dφ
2
i
+
n+ǫ∑
i=1
r2 + a2i
1 + λa2i
dµ2i +
λ
W (1− λr2) (
n+ǫ∑
i=1
r2 + a2i
1 + λa2i
µidµi)
2, (32)
where
W =
n+ǫ∑
i=1
µ2i
1 + λa2i
,
U = rǫ
n+ǫ∑
i=1
µ2i
r2 + a2i
n∏
b=1
(r2 + a2b),
V = rǫ−2(1− λr2)
n∏
b=1
(r2 + a2b).
The Kerr-AdS metric, depending on n+ 1 parameters M , ai, is given by
ds2 = ds¯2 +
2M
U
(Wdt−
n∑
i=1
aiµ
2
i
1 + λa2i
dφi)
2 +
2MU
V (V − 2M)dr
2. (33)
It is straightforward to see that, in these coordinates, the metric deviations
hµν have the right fall-off. It takes little writing to check that the momenta
are good too.
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The change of coordinates (31) can be used to go back to spherical
coordinates. The background is then simpler but the deviation includes
more terms. In any event, the asymptotic conditions are still fulfilled.
The only non vanishing charges are again found to be the energy E as-
sociated to ξE =
∂
∂t and the n components Li of the angular momentum
associated to the rotations generated by ξR¯i =
∂
∂φi
. In this case, no charge
can be shown to vanish only by looking at the fall-off of the associated
Killing vector and the gravitational variables. Nevertheless, by using the
AdS Killing vectors eplicitly calculated in [41] and adapting them to our
(t, r, φi, θj) coordinates, it is easily seen that all undesired components de-
pend on a function of the integration variables whose symmetry is such that
the surface integrals vanish.
It is useful, first, to notice that all π¯rk momenta vanish except π¯
rφi.
Consequently, we can focus only on components ξ⊥ and ξφi of the Killing
vectors.
For D even, for all AdS Killing vectors but ξE and ξR¯i these components
depend on sinφk or cosφk for some k : hence, the associated charges are
proportionnal either to
∫ 2π
0 sinφkdφk or to
∫ 2π
0 cosφkdφk that both vanish.
For D odd, the same thing happens for all vectors except a few of them.
Nevertheless, the latter are prorportional to cos θn+1. As all gravitational
variables are invariant for θn+1 → π − θn+1 and as the integration is made
for θ from 0 to π, it vanishes.
The energy is associated to the Killing vector ξE =
∂
∂t . But in this case,
ξ2 6= −1 so that ξ⊥ = N 6= 1 (N is the lapse function, defined in equation
(1)). We accordingly have to keep one more term in the energy than for the
asymptotically flat case :
E =
∮
dD−2sl (g¯
ik g¯jl − g¯ij g¯kl)(Nhij;k −N,khij). (34)
The angular momenta have the same form as in the asymptotically flat case :
Li = 2
∮
dD−2sl π¯
l
kξ
k. (35)
I started my calculation of the conserved charges of the Kerr-AdS black
hole in the spherical coordinates, going back to ellipsoidal coordinates later
to simplify the integrals. The latter were finally computed using Mathemat-
ica for d = 4, . . . , 11.
When the dust settles, after reintroducing the gravitational constant,
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one finds
E =
MAD−2
4πG
∏n
j=1(1 + λa
2
j )
(
n∑
i=1
1
1 + λa2i
− 1− ǫ
2
), (36)
Li =
MAD−2
4πG
∏n
j=1(1 + λa
2
j )
ai
(1 + λa2i )
. (37)
These results can be checked to be in accordance with (4.12), (4.15) and
(4.16) of [1]. Consequently, they satisfy the first law of thermodynamics.
5 Conclusion
In this paper, we generalized the Regge-Teitelboim approach of charges in
general relativity to asymptotically flat and AdS spacetimes in arbitrary
dimension D > 4 and ellipsoidal coordinates. In particular we provided
generalized explicit boundary conditions, including parity conditions in the
asymptotically flat case. It was shown that the charges satisfy the algebra of
the asymptotic symmetries. We then applied the method to rotating black
holes in both cases and found expressions that are in agreement with the
thermodynamics of black holes. In view of the recently existing controversy
about the proper definitions of charges in the case under consideration, we
have tried to be as explicit as possible.
Recently, AdS with a scalar field has been much studied. It makes nec-
essary to relax the asymptotic conditions (28) and (29) to more general ones
[12, 42, 43, 44, 45, 46, 47, 48, 49]. It would be interesting to study how our
method can be adapted to that case and to investigate the thermodynamics
of such spacetimes.
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A Derivation of the asymptotic symmetries
A.1 Description of the problem
In Cartesian coordinates, theD-dimensional phase space of general relativity
is defined, in the case of asymptotically flat spacetimes, by the following
conditions :
gab(x) = ηab + hab(x), (38)
hab(x) =h
(0)
ab (x)r
3−D +O(r2−D)
h
(0)
ab (x) =hab(−x)
(39)
et
πab(x) =πab(0)(x)r
2−D +O(r1−D)
πab(0)(x) =− πab(−x).
(40)
Under a deformation of the spacelike hypersurface on which the canonical
variables gab(x) and π
ab(x) are defined, the variation of these variables is
given by [37]
δgab = 2ξ
0Gabcdπ
cd + ξa/b + ξb/a (41)
δπab = −ξ0g1/2(Rab − 1
2
gabR) +
1
2
ξ0g−1/2gab(trπ2 − 1
N − 1(trπ)
2)
−2ξ0g−1/2(πaiπbj − 1
N − 1π
abgij)πij
+g1/2(ξ0/ab − gabξ0/i/i) + (πabξi)/i
−ξa/iπib − ξb/iπia (42)
where (ξ0(x), ξk(x)) are the parameters caracterising the deformation, Gabcd
is defined at equation (8), / is the covariant derivative with respect to gab
and tr denotes the matrix trace. In this appendix, the most general param-
eters (ξ0(x), ξk(x)) preserving the asymptotic conditions (38) to (40) are
found. This is done in two steps :
1. One first looks for the most general deformation preserving the asymp-
totic conditions in the particular case of the flat configuration : gab(x) =
δab, π
ab(x) = 0. One thus look for the most general (ξ0(x), ξk(x)) such
that
δ(gab = δab) = ξa,b + ξb,a = O(r3−D), even, (43)
δ(πab = 0) ∝ ξ0,ab − δab∆ξ0 = O(r2−D), odd, (44)
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where ∆ξ0 = δabξ0,ab is the Laplacian with respect to the flat metric
of ξ0 and the parity conditions are demanded on the leading order of
each expression.
2. One can then check that the solution of (43) and (44) is actually also
the most general solution in the case of the most general configuration
verifying (38) to (40).
Let us assume that ξ0 and ξa can be developed in positive and negative
powers of r, as for example,
ξ0 = anr
n + an−1r
n−1 + · · ·+ a1r + a0 + a−1 + . . . . (45)
where the coefficients aj depend on the angles β on the (D−2)-sphere.
In particular, let us assume that ξ0 et ξa do not depend on log r. One
then writes ξ0 = O(rn) if ak = 0 for k > n.
A.2 Transformation of the flat configuration
Fall-off conditions :
Let us first consider the fall-off conditions. One has to solve
ξa,b + ξb,a = O(r3−D), (46)
ξ0,ab − δab∆ξ0 = O(r2−D). (47)
To study these equations, one will need the following lemma :
Lemma : Let f be a function that can be developed as (45) and such that
∂if = O(r−s) , s ≥ 1 (48)
where ∂i =
∂
∂xi
. Then
f = O(r−s+1) + C s > 1 (49)
f = O(1) s = 1 (50)
where C is a constant.
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Proof : On first writes the conditions in terms of polar coordinates
β = {β1, β2, . . . }
∂rf =
gr(β)
rs
+O(r−s−1) (51)
∂βjf =
gβj (β)
rs−1
+O(r−s). (52)
As f exists, the integrability conditions are satisfied. On gr and gβj they
read ∂βjgr =
−(s− 1)gβj , ∂βjgβk = ∂βkgβj .
s > 1 : By integrating over r, on has
f = − gr(β)
(s− 1)rs−1 + C(β) +O(r
−s). (53)
One must add the condition ∂βjC = 0, otherwise ∂βjf would not
behave as r−s+1. One then gets f = O(r−s+1) + C as expected.
s = 1 : In this case, ∂βjgr = 0 for any angle βj . Accordingly, gr = K where
K is a constant. When integrating over r, one finds
f = K log r + C(βi) +O(r−1). (54)
For f to admit the developpement (45), one must ask K = 0. One
then finds f = O(1).
QED
Using the lemma, one can easily solve (46) and (47).
Equation (46) implies
ξa,bc = O(r2−D). (55)
Indeed, by deriving each side of (46) with respect to xc, one finds
ξa,bc + ξb,ac = O(r2−D). (56)
Besides, by using successively that the partial derivatives with respect to
independent variables commute and equation (46), one deduces
ξb,ac = ξb,ca
= −ξc,ba +O(r2−D)
= −ξc,ab +O(r2−D)
= ξa,cb +O(r2−D)
= ξa,bc +O(r2−D).
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When replacing in (56), one finds (55).
Moreover, equation (47) implies
ξ0,ab = O(r2−D). (57)
Indeed, by taking the trace of each side of (47), one has
(−D + 2)∆ξ0 = O(r2−D) (58)
and as D 6= 2, it implies that ∆ξ0 = O(r2−D), so that (57).
Let us assume D ≥ 4, so D − 2 > 1. From (55) and (57), one then finds
that
ξ0,a = A
0
a +O(r3−D) (59)
ξa,b = A
a
b +O(r3−D). (60)
To proceed to the next integration, one considers two cases and uses the
lemma :
(a) D ≥ 5 : Then, D − 3 > 1 and so
ξ0 = Aax
a +B0 + ξ0+(x) (61)
ξa = Aabx
b +Ba + ξa+(x). (62)
where ξ0+(x), ξ
a
+(x) = O(r4−D).
(b) D = 4 : Then, D − 3 = 1 and so
ξ0 = Aax
a + ξ0+(x) (63)
ξa = Aabx
b + ξa+(x). (64)
where ξ0+(x), ξ
a
+(x) = O(1).
In order for these solutions of (55) et (57) to be also solutions of (46)
and (47), one must demand ξa,b + ξb,a = O(r3−D) and so Aab = −Aba.
Parity conditions :
One now has to demand parity conditions for δ(δab) and δ(0). This im-
plies
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(a) D > 4 :
ξ0+(0)(x) = −ξ0+(0)(−x) (65)
ξa+(0)(x) = −ξa+(0)(−x). (66)
(b) D = 4 :
ξ0+(0)(x) = B
0 + ξ¯0+(0)(x) (67)
ξa+(0)(x) = B
a + ξ¯a+(0)(x). (68)
with
ξ¯0+(0)(x) = −ξ¯0+(0)(−x) (69)
ξ¯a+(0)(x) = −ξ¯a+(0)(−x). (70)
Abandonning the bars, one can summarize the results in the following
way : for D ≥ 4, the most general deformation ξµ = (ξ0, ξi) that conserves
the asymptotic conditions is given by
ξµ = Aµbx
b +Bµ + ξµ+(x). (71)
where
Aab = −Aba (72)
ξµ+(x) = O(r4−D) (73)
ξµ+(x) = −ξµ+(−x). (74)
Notice that this analysis is done on a given spacelike hypersurface, of
equation x0 = constant. By redefining Ba, one can write Aabx
b + Ba =
Aabx
b + Aa0x
0 + B′a with Aa0 = −A0a. The first two terms of the defor-
mation define a Poincare´ deformation. To this Poincare´ transformation is
added another transformation, parameterized by ξµ+(x) and happening to
be “pure gauge” as the corresponding surface integrals vanish for any con-
figuration. Notice that for D = 4, these gauge behave as O(1), just like
translations. They are sometimes called “translations depending on the an-
gles”. What distinguishes them from real translations is their parity.
A.3 Transformation of the general configuration
One still has to check that the solution of (46) and (47) we have just con-
structed also conserves the asymptotic conditions (38) to (40) in the general
case. One accordingly has to check that δgab defined by (41) behaves as
O(r3−D) and is even at this order and that δπab defined by (42) behaves as
O(r2−D) and is odd at this order. It can be done term by term rather easily.
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